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In relative locality theories the geometric properties of phase space depart from the standard 
ones given by the fact that spaces of momenta are linear fibers over a spacetime base manifold. In 
particular here it is assumed that the momentum space is non linear and can therefore carry non 
trivial metric and composition law. We classify to second order all possible such deformations that 
preserve Lorentz invariance. We show that such deformations still exists after quotienting out by 
diffeomorphisms only if the non linear addition is non associative. 


I. INTRODUCTION 

The search for a quantum gravity theory gave us many 
hints that what we know about Lorentz symmetry has to 
be changed in order to make room for an invariant scale of 
distance and energy, the so called Planck scale. There are 
heuristic arguments leading to the existence of an abso¬ 
lute, minimum scale of distance, Lp = This scale 

should be the same in every reference frame in order not 
to break the Lorentz symmetry between observers. We 
know however that the notion of an absolute length scale 
is incompatible with the standard Lorentz group of sym¬ 
metries. Trying to incorporate such a lenght scale in a 
symmetry group led to the introduction of DSR (Doubly 
Special Relativity) theories, in which the Lorentz group 
is deformed in a more general class of objects called quan¬ 
tum groups In recent times DSR theories have been 
linked to the concept of relative locality This con¬ 

cept is the realization that every inference we make about 
spacetime derives from observation of particles proper¬ 
ties, like their energy and momentum, through their in¬ 
teraction. In this picture spacetime is a derived quantity 
resulting from the interactions of probes. This perspec¬ 
tive is in agreement with particle physics experiments, 
in which the only measured quantities are momenta and 
timings, from which positions are subsequently derived. 
This is somewhat constrasting with the standard view 
of mechanics, where momenta of particles are entities 
derived from spacetime measurements, and correspond¬ 
ingly the momentum space is defined trough spacetime 
concepts. The reconciliation of this tension lies in the 
fact that the proper geometrical setting to describe the 
physics of localisation is phase space itself @ . One of the 
key assumption of relative locality is that in a particular 
high energy limit of gravity we can focus entirely on the 
geometry of momentum space 

A particularly striking consequence of this realization 
is that spacetime itself, as an absolute object shared be¬ 
tween every observer, ceases to be a necessary assump¬ 
tion. In this limit momenta are the most basic entities 
and building the framework of mechanics around this 
principle we can allow for nontrivial geometries in mo¬ 
mentum space - which becomes a nonlinear manifold - 
and obtain spacetime as attached fibers on every mo¬ 


mentum space point. In particular the absoluteness of 
spacetime is equivalent to the flatness of the momentum 
manifold, feature that is not inevitable when we take 
into consideration the possible deformations implied by 
the Planck scale. 

In general we can have a momentum space which has 
nontrivial metric, curvature, and torsion. The symme¬ 
try transformations of this space are no more elements 
of the Lorentz group, but of some deformation of it. In 
this work we present a full analysis to second order in 
the deformation parameter of the most general non lin¬ 
ear structure which admits a fully compatible action of 
the Lorentz group. The study of the generalization of 
the properties of momentum space manifolds and in par¬ 
ticular of Lorentz invariant composition laws have been 
initiated only recently in ilH- 


II. PHASE SPACE BUNDLE STRUCTURE 

The usual bundle structure of the phase space is the 
following: we start from the spacetime manifold M, and 
consider associated to each point x of it a cotangent 
space, the momentum space T*M. In the usual flat, con¬ 
tinuous spacetime, the structure of this cotangent bun¬ 
dle is very simple. We have a global trivialization which 
allows us to identify the cotangent spaces relative to dif¬ 
ferent points, and - in the flat case - the possibility to 
identify the cotangent space with the manifold itself. So 
we can consider as phase space the product space 

Prom this very simple, trivial case, we depart in a di¬ 
rection different from the usual one. Instead of giving 
room for a curvature of the spacetime manifold M, we 
revert the relation between the two sectors of the bundle 
and consider the momentum space, denoted from now 
on P, as the base manifold. In this way, in the general 
case, we have no more a manifold M as spacetime, but a 
cotangent bundle T*P. 

On the other hand now the manifold P is no longer 
forced to be a trivial one but can have a curvature, a 
torsion, and a nontrivial metric. In addition, being a non¬ 
flat manifold, we are not allowed to identify the tangent 
spaces with the manifold itself. We have to distinguish 
points of the manifold, identified by their coordinates 
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and points in its tangent spaces, identified as usual 

as ...}. 

Of course at zeroth order approximation the manifold 
P will be flat, torsionless and with trivial metric (so we 
will be able to make the identification with the space- 
time cotangent spaces). But we are looking for possible 
corrections to this zeroth order approximation, allowing 
for deformations of the symmetry group, the metric and 
the composition law of momenta. We have, perturbing 
around the flat-manifold approximation, the possible de¬ 
formations respectively for the symmetry group, the met¬ 
ric and the composition law: 

Kp)^. = Kp- + ^P-Pp + ^ \jp) ( 1 ) 

^ (^) ) '^P'^P ( 2 ) 

{P © ?)/. = (P + + ^S^^PuQp + ---+0 (3) 

where M is a mass scale linked to the Planck mass, and 
the dots in the last equation are terms proportional to 
pp and qq products. 

In the following we will denote with p^ momenta ex¬ 
pressed in units of M, for the sake of notation. With this 
notation in every power series in the momentum variable 
each additional term will introduce a further suppression 
factor of M. 

The only constraint we put on the deformation of this 
momentum-based phase space is the validity of the sym¬ 
metry group as an isometry for the new metric, and as 
an homomorphism of the new composition law. We look 
for the most general cotangent bundle compatible with 
a possibly deformed Lorentz symmetry. To be more pre¬ 
cise, we ask that the metric is left unchanged by a Lorentz 
transformation: 

9 Aip){dHv),dA{w)) = gp{v,w) ( 4 ) 

and the same transformation to be an homomorphism of 
the composition law: 

A(p © q) = A(p) © A(g) (5) 

It is important to note that this last condition ex¬ 
cludes the so-called /c-Poincare composition law. The k- 
Poincare composition law is an addition law on deSitter 
space, which is not preserved by Lorentz transformations 
in the sense just described (see e.g [H). 

III. TRIVIALITY OF THE SYMMETRY GROUP 
DEFORMATION 

We start asking for all the possible deformations of the 
Lorentz group in this setting. The answer to this question 


is pretty simple: we have none in the Lie algebras cate¬ 
gory [lO, [ij, [l3 ■ It is easy to prove that for the Lorentz 
algebra (and all semi-simple algebras) all possible defor¬ 
mations of the algebra structure amount to a redefinition 
of its generators, so it can be trivialized by a change of 
coordinates in the generators space (or a change of pa¬ 
rameters). To prove this fact we need to define a little of 
cohomology theory (we essentially go through the same 
derivation as in [l2|). Given a Lie algebra L: 

[AB]=zf^sC ( 6 ) 

and its adjoint representation 

Pa{B) = [A,B] (7) 

with A, B, C in some vector space U, we define an n- 
cochain 7 in the adjoint representation as a multilinear 
skew-symmetric map of n copies of V into itself: 

7 : y X U X ... X V (8) 

Obviously the set of all n-cochains forms a vector space 
C'^{p,V). The coboundary operator d : C'^{p,V) —>■ 
C^^^{p, V) is the linear map: 

n+1 

d(j){Ai, ...,An+l) = PAi {(t>{Al, ..., An+l)) + 

i=l 

+ E (-)*+'■</> ([41*, A,], Ai,...,A„+i) 

(9) 

where in the first line we don’t have Ai among the 
arguments of and in the second line we don’t have 
neither Ai nor Aj (</) S C'^{p,V) is an n-dimensional 
cochain). An n-cochain </> is called an n-cocycle whenever 
we have dcf) = 0. The vector space of all n-cocycles is 
denoted 

An n-cochain (j) is called an n-coboundary if it is in the 
image of the coboundary operator, (j) G d (C"“^(p, U)). 
The vector space of all n-coboundaries is denoted i?" (p). 

For our scopes we will consider the quotient space 
H'^{p) = {p) /B”'{p), called the n-cohomology group. 

While from the definitions given above we have d^cj) = 0 
for every (j), as in the standard de Rham cohomology not 
all cocycles are coboundaries, and the cohomology group 
may present a nontrivial structure. 

The next step we need is the definition of a Lie algebra 
deformation. Given the Lie algebra Lq: 

[A,B]=tf^sC (10) 

a one-parameter deformation Lt of it is defined as: 

CXD 

[A,B]t = [A,B]+Y,yiAByf ( 11 ) 

i=l 

where (j){A,B)i are 2 -cochains. 
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We want the new algebra to be a Lie algebra, so the de¬ 
formed commutators must comply with the Jacobi iden¬ 
tities for all t: 

[[A,B]t,C]t + [[B,C]t,A]t = [[A,C]t,B]t Vt (12) 

Differentiating this condition with respect to t and set¬ 
ting t = 0 we obtain the condition: 

dMAB,C)=0 (13) 


form, and go on to look for all possible deformations of 
the metric. In doing so we work in perturbation theory 
around p = 0 , where we know the metric has to be the 
standard one: 

g;'> = {v^P + G‘'’>^Pp, + 0{p^)) (18) 

In order for the metric to be Lorentz invariant all the 
tensors that enter this power series have to be Lorentz 
covarian 10 : 


i.e. (j)i must be a 2 -cocycle. 

This is why cohomology theory is so important for Lie 
algebra deformations: a fundamental result in cohomol¬ 
ogy theory of Lie algebras 0 is that any semi-simple Lie 
algebra (like the Lorentz one) has trivial second cohomol¬ 
ogy group, H^{p) = {0}. This implies that (j)i must be a 
coboundary: 

(/>i = d(j)o (14) 

for some 1-cochain (j)Q. Let us now consider the new al¬ 
gebra [A, B][ obtained through the map Ft = 

[A,B]'t=Ft-^{[FtA,FtB]t) (15) 

It is easy to see that this transformed algebra has a trivial 
first 2 -cochain: 

(j)'i{A, B) = (l)i{A, B) + (l)o{[A, B])+ 

-IMA), B]-[A, MB)] =0 ^ ^ 


9p{v,w) = paMfAw) => (19) 

So we are limited in our choice to functions of the unde¬ 
formed metric or the totally antisymmetric tensor 
^ Both of them has only an even number of indices, 
so we cannot build a Lorentz covariant tensor with an 
uneven number of indices, and this rules out all the un¬ 
even orders in the power series. For the even orders, we 
have another strong constraint given by symmetry with 
respect to permutation of the indices. This condition 
rules out the antisymmetric tensor _ The metric 
should be symmetric for the exchange of the two “tan¬ 
gent” indices, and every coefficient of the series is sym¬ 
metric under the exchange of “coordinate” indices. For 
example, at the second order of the series G 2 ''’'^^P(jPp, to 
build the tensor as a function of the undeformed 

metric with the right symmetries we have only two inde¬ 
pendent choices, so the most general form for this term 
will be: 


where the last equality comes from the definition of M- 
(j)i = d(j)[). From the equation (|T6)) we conclude that the 
deformation of the new algebra starts from the second 
order term: 

OO 

[A,B]'t = [AM]+Y.^'MM)t^ ( 17 ) 

i=2 

But now (I) 2 {A,B) must be a 2-cocycle, so we can it¬ 
erate the process, to show that every deformation of a 
semi-simple Lie algebra can be gauged away by a linear 
transformation. So any deformation of the Lorentz alge¬ 
bra (that is restricted to the Lie algebra category) can 
be reabsorbed in a redefinition of the generators. The 
Lorentz algebra, along with every semi-simple algebra, is 
called stable under deformationfl^. 

IV. DEFORMATIONS OF THE METRIC 

Given the stability of the Lorentz group under de¬ 
formations we can assume that we work in coordinates 
where the Lorentz group action assumes the standard 


^ + B 2 ( 20 ) 

Similarly, for each higher order term, we have that the 
space of possible tensors with the right symmetries is 
two-dimensional, one independent component being the 
one in which the two tangent indices are coupled in the 
same tensor and the coordinate ones are symmetrized in 
the others, and the other one with the totally symmetric 
combination of tangent and coordinates indices: 

= A,M‘' [Sym (pM^F..)] + 

+B2n [Sym (pP’^p’^Pp^^...)] 

When this particular combination of indices is contracted 
with the momentum and the tangent vectors we obtain: 

GPM^^"’'VpW^PaPpPiPr,- = 

= A 2 nP^'^V ■ W + B2nP^^'^~^\p ' v){p ■ w) 

Of this coefficients we know the lowest order ones, those 
of the undeformed metric: 

Ao = 1 Bo = 0 (23) 


^ What we exposed here is the so-called Nijenhuis and Richardson ^ We are in coordinates in which the Lorentz group is not de¬ 
theorem. formed, so dA = A. 
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Now we can rewrite the full metric as a power series: 

OO 

gp{v,w) = [A 2 nV ■ W + B2(n+l){p ’ v){p ■ w)] 

n =0 

(24) 

At this point we can resum the series (the momenta are 
expressed in adimensional units, as multiples of the mass 
M, so we have <C 1) to obtain the general form: 

5 p(u, w) = A(p^)v ■ w + B(p^)(p ■ v)(p ■ w) (25) 


The coefficients SYf ' must be Lorentz covariant, so we 

H- 

can rule out all the ones with an uneven number of indices 
for the reasons exposed above, and the totally antisym¬ 
metric tensor (it has four free antisymmetric in¬ 

dices, but we have only two momenta in the composition 
law): we are left again with products of the undeformed 
metric tensor. For example, for the lowest order terms 
we have the only possibility: 

{P © q)p = iP + q)fj. + Pp.{Ap^ + Bp-q + Cq^)+ 
+qp,{Dp^+Ep-q + Fq^) +... 


with A and B analytic functions with the constraints: 

lim A{p^) = 1 , lim B{p^) = 0 (26) 

>0 >-0 

This metric cannot be reduced to the standard one using 
a diffeomorphism, unless the two functions A{p^) and 
B{p^) satisfy a specific condition. To prove this, we write 
the metric as a function of the frame field e^{p): 


For the higher orders it is easy to replicate the deriva¬ 
tion given for the metric, leading to the expected solu¬ 
tion that we are allowed to modify the composition law 
between two arbitrary momenta by coefficients given by 
analytic scalar functions, having value close to 1 for small 
momenta: 

{P®q)p = Siip^,p ■ q,q^)pp + S2{q^,p ■ q,p^)qp, (35) 


<?r = ^“''e(((p)e^(p) (27) 

In order to have a metric like the one in (E5|) . the frame 
field must be of the form: 

e-a{p) = f{P^)K + q{P^)P^Pa (28) 

with 

f{p^) = VA , g(p^) = ^ (x/Z+’b^-Va) (29) 

Now for the frame field to be a diffeomorphism, 
it must comply with the condition: 

de^jp) _ d<ip) (or.-, 

dp. dp^ - ^ ’ 

This condition is satisfied if and only if: 


lim Si{p'^,p- q,q'^) = 1 i = l,2 (36) 

p,q^0 

With the hypothesis of q = 0 being the identity element 
of this addition, we obtain: 

B,(p^0,0) = l (37) 

At the lowest order in the p, q expansion these functions 
can therefore be given by 

Si{p^,p- q, q"^) = 1 + Aiq^ + Bip ■ q + o{p^) (38) 

that is each coefficient depends only on two of the three 
arguments at this order. The addition transforms covari- 
antly under diffeomorphism. Given a diffeomorphism F 
we get the transformed addition as 

(p©'g)^ = F([F-i(p)©F-i(g)])^ (39) 


9{P^) = 2 


dfjp^) 

dp^ 


(31) 


When the frame field satisfies this condition we can triv¬ 
ialize the metric with the diffeomorphism: 


At the lowest non-trivial order in the deformation if one 
takes F{p)p = (1 — ap'^)pp + o{p^), the transformed ad¬ 
dition is related to the old one by the transformation 

A' = A, - a, = B,- 2a. (40) 


Pp = /(P^)Pp- (32) 

In all other cases the transformation cannot be reab¬ 
sorbed in a change of coordinates. 

V. DEFORMATIONS OF THE COMPOSITION 
LAW 

We can make a similar analysis for the coefficients in 
the composition law power series: 

{p © q)p. = ip + q)ii + s^^’p.qp + ... + 0 (/) (33) 


Let us also note that we can change the values of the co¬ 
efficients by a rescaling of the momenta: under p —>■ p/X 
the coefficients transforms as A^ —>■ A^A^, Bi —>■ X?Bi. 
This means that up to diffeomorphisms and rescaling we 
have at lowest non-trivial order a two parameters family 
of Lorentz invariant composition laws. 

When one of the two momenta is infinitesimal this 
composition law should reduce to the sum of the finite 
momentum plus the infinitesimal one, rotated by a trans¬ 
port to the point coordinatized by the first momentum: 

{P®5q)p Ki Si{p^,p- 5q,0)pp. + S'2(0,0,p^)% (41) 

-P^i + UP^{p)5qp 
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with 

u;:{p) = + S2{0,0,P^)S^^ ( 42 ) 

which represents the left transport operator. 

At the lowest order it is given by: 

U^ip) = A2P^5'I^ + + o{p^). ( 43 ) 

It is now interesting to compute the curvature tensor at 
the origin. We use the definition given in Q: 

A( 0 )%= -^^-^{{p(Bq)®k-p®{q®k)) 

dka dpb dqc ^ p g f, 

which measure the lack of associativity at the origin. 

The definition given in Q for the curvature is 
i?(0)^“^ = 2A(0)1^°1“^. From this definition we obtain a 
curvature of the form: 

R( 0 )‘“, = (<;.)“* - ( 2 |h _ ( 0 , 0 , 0 ). 

(44) 

More generally the associativity at the origin is 

measured by 

p‘^%iB,-B2)+v‘^XiB,-2A,)-r,’’’^6;iB2-2A2). (45) 

Demanding this to vanish implies that the addition is 
given by the linear addition up to a diffeomorphisms. 
This implies that Lorentz invariance plus associativity 
excludes at this order any possible deformation. A non 
trivial lorentz invariant addition is necessarily non asso¬ 
ciative. 


VI. INVERSES 

Given the general structure for a Lorentz covariant mo¬ 
mentum manifold we can ask for additional structures, 
and investigate the consequences in terms of metric and 
composition law of these additional constraints. To do so 
we work at the second order in perturbation expansion, 
which is interesting in terms of physical consequences. 

Given the general form of the composition law it is 
easy to derive the form of the left and right inverse of 
the operation: 


eRP=-[l-{A2-Ai+Bi-B2)p^]p (50) 

For the two inverses to be the same we need to satisfy 
the condition: 

(Ai - Bi) = (A2 - B 2 ) (51) 

which implies on the other hand that the inverses are un¬ 
deformed. The set of Lorentz invariant composition laws 
which have the same left and right inverses up to diffeo- 
morphism form a two dimensional family. We can express 
this addition family in a standard form after performing 
an infinitesimal diffeomorphism 

F(p)^ = (l-(i?i-Ai)p2)p^ + ... (52) 

The most general addition rule with same left and right 
inverse is to second order given by 

{p®q)bi = {^ + Pi{q^ +p-q))Pbi + {1 +I32{p^ +p-q))qij., 

(53) 

where j3i = 2Ai — Bi. 

We obtain even stronger constraints from the condition 
of “left invertibility”: 

0p © (p 0 9 ) = g yp,q e P (54) 

This condition implies on the lowest order coefficients the 
constraints: 

2 A 2 - ^2 = 0 (55) 

(Ai - Bi) = {A 2 - B 2 ) 

So the condition of left invertibility implies the symmetry 
between left and right inverses. We see that the demand 
of left invertibility implies that /32 = 0 so the left invert¬ 
ible composition laws are all given after a diffeomorphism 
by 

p © 9 = [l + /3i ( 9 ^ + p • 9 )] p + 9 (56) 

This correspond exactly to the expansion of the compo¬ 
sition law of the kind presented in [l^. In this work a 
general left invertible and Lorentz invariant composition 
law was introduced and studied. 

Moreover, if we also demand the right invertibility we 
have the additional condition 

2Ai - = 0, (57) 


©lP©P = 0 , p©(©fi;p)= 0 . ( 46 ) 


These are given by 

_ S'2(P^©LP•P,©LP^) 

P Q / 2 ^ 

oi{GlP^,GlP-P,P^) 

^ <S'l(p^p•©J^p,©flP^) 

S'2(©flP^,P- ©flP,P^)^' 


( 47 ) 

( 48 ) 


The expressions above can be perturbatively solved for 
©p. We obtain: 


©L P = - [1 + (A 2 - Ai + Si - S 2 ) p^] p ( 49 ) 


which implies that the composition law is associative, 
hence trivial. The demand of Lorentz invariance plus 
right and left invertibility thus implies that the compo¬ 
sition law is trivial at the lowest non-trivial order. 

Another interesting property of the inverse we can in¬ 
vestigate is that of it being a morphism or an antimor¬ 
phism, expressions meaning, respectively: 

© (P © 9 ) = (©P) © (© 9 ) ( 58 ) 


or 


© (P © 9 ) = (© 9 ) © (©P) 


( 59 ) 
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The condition for the composition rule to be a mor¬ 
phism brings simply to a repetition of the condition of 
symmetry between left and right inverse (15111 , so the mor¬ 
phism property is implied by the symmetry between left 
and right inverses. The antimorphism condition, on the 
other hand, requires a complete symmetry of the compo¬ 
sition lav 0 : 

Ai = A 2 Bi = B 2 (60) 

So, for example, it is impossible to have a non trivial 
composition law with the property of left invertibility 
()54p and which is an antimorphism. 

VII. METRIC COMPATIBILITY 


Though the previous expression looks different from the 
one found in m, we can always perform a diffeomor- 
phism on our variables; in particular, choosing 

we obtain: 

g^r = + {B- 2A) p'V" + o{p'^) ( 68 ) 

{P ® 9 )^ = 2 ^) (P ■ 9 ' + 9 '^)^ + 9 ^. + o{p'^) 

(69) 


The first Lorentz invariant example of momentum 
manifold has been presented in 0 - In this example 
composition law and metric were demanded to be com¬ 
patible. That is, it was required that the metric is left 
invariant by the transformation generated by a left addi¬ 
tion 

9 l ,( p ) {dpLg{v), dpLg{w)) = gp{v, w) , Lg{p) =q®p 

(61) 

where dpLg denotes the differential at p of Lg. Having 
at hand the general form for metric and composition rule 
we can check if the condition of metric compatibility is 
enough to recover the manifold the authors found in |10l| , 
or if there are other options realizing this condition. They 
find for the metric and composition law the expressions: 

9r = ^''"+PV+o(/) (62) 


{p ® q)fj. = 


1 - 2 (p ■ 9 + 9^) 


Pm + 9 ^ + o(p^) (63) 


Expressing in our setting the metric and composition 
law as power series we have: 


= (1 + + Bpf^p’' + o{p^) 


(64) 


( p ®9 )m = {l+Aiq^+Bip-q)pp+{l+A2P^+B2p-q)qp+o{p^) 

(65) 

We now look at this order to the most general solution 
of the metricity condition, to obtain that 


B 


{p ® 9)m = (1 + -jP-qj Pm + 

+ (1 - ^P^ -Ap-q^qp + o{p^) 


( 66 ) 


^ This obviously implies the morphism condition. 


Now it is clear that the expression found in [I^ is the 
same as the one we found, after a rescaling {p, q) —>• {{B — 
2A)p,{B-2A)q). 


VIII. CONCLUSIONS 


In this paper we tried to answer the question of “how 
free” we are to deform the crucial features of the momen¬ 
tum space in the relative locality framework: symme¬ 
try algebra, metric and composition law. Thanks to the 
Nijenhuis-Richardson theorem the process of deforming 
the symmetry group is somewhat restricted to a change 
of coordinates on the space of generators, thus if we as¬ 
sume diffeomorphism invariance it is completely trivial¬ 
ized. Retaining the Lorentz symmetry group the problem 
translates in finding every possible covariant deforma¬ 
tion of metric and composition law on momentum space, 
which is a much simpler problem than the general one. 
Having at hand all these deformations we went on to an¬ 
alyze consequences and features of some desirable condi¬ 
tions on the composition law, using perturbation expan¬ 
sions to avoid calculational obstructions. In particular 
we found that at least at lowest order in perturbation 
theory the request of metric compatibility of the com¬ 
position law implies a “Snyder-like” momentum space, 
the same reported in [l^ . Some interesting phenomeno¬ 
logical consequences can be extracted from these results: 
in particular the simplest one is that - given all the re¬ 
sults reported - diffeomorphism invariance in momentum 
space implies that the first non-trivial order in the de¬ 
formations is the second one, so looking for a first-order 
effect of the Planck scale would put on trial such a diffeo¬ 
morphism invariance. The analysis we carried on here, 
like other ones in the usual relative locality framework, 
are classical, i.e. we have h = 0. It will be interesting 
to review the analysis brought here in the viewpoint of 
quantum mechanics, taking inspiration from works like 
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